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Abstract
Today the most crucial aspect in the preliminary vessel design stage is to make it as green/blue as 
possible. One of the exciting goals is the minimisation of vessel resistance. The use of hydrofoils to 
reduce the vessel draught and consequently, reduction in the vessel resistance is today one of the hottest 
design topics, especially for catamaran passenger vessels. In the present work, we discuss the issues 
related to the implementation of Isogeometric Analysis (IGA) Boundary Element Method (BEM) 
for the calculation of the hydrodynamic properties of lifting hydrofoils. The use of IGBEM allows 
numerical calculation of foil hydrodynamic properties without the traditional step of mesh generation 
using the CAD geometry directly. The analysis relies on the NURBS basis function with the generic 
Galerkin approach allowing identical solutions procedures for 2D or 3D problems. Method accuracy 
and computational times for a different number of Degrees of Freedom (DOF) in 2D are investigated.
Keywords: IGA, BEM, NURBS, lifting hydrofoil, numerical analysis
1. Introduction
Today, the main focus in primary research in the shipbuilding industry is on 
the improvement of green/blue ship performance. Ship performance depends on the 
hydrodynamic properties of the hull geometry and its keel, rudder, hydrofoil and 
other appendages. Hull and appendages also interact with free-surface that introduce 
additional nonlinear effect into flow properties. Interaction of free-surface flows with 
lifting surfaces constitutes a new complex problem, finding applications in the design 
of yachts and sailing boats and the performance of stabilisers, hydrofoils and similar 
devices [1–3]namely the so-called Neumann-Kelvin problem, following the formulation 
by Brard (1972.
Numerical methods to treat such complex systems face significant difficulties due 
to the simultaneous presence of many flow phenomena interacting in a highly nonlinear 
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way. Not that the mathematical models are challenging to solve numerically, but also 
the complexity of the solution of such problems faces the barrier in computational 
time [4,5].
Some of the ship flow phenomena can be simplified. In our case, we study the 
effect of lifting foils in foil assisted vessel geometry improving the hydrodynamic 
properties of the vessel [3].
2. Mathematical model
Modelling of fluid flow with free-surface in a context to resolve most of the 
flow phenomena is a very challenging task not only in modelling view but also in the 
computational perspective. For some family of problems, it is possible to reduce the 
complexity of models. Under certain flow conditions, Navier-Stokes equations simplify 
to Laplace equation for a potential field. 
Neglecting the viscosity effect in Navier-Stokes equation, we are left with an 
inviscid family of problems, and viscous effects as drag, turbulence and boundary 
layer cannot be detected anymore. The study of the lift problem is part of the inviscid 
family of problems. Moreover, it is also assumed that the fluid motion is irrotational in 
our case. Based on these assumptions, it is possible to reduce the fluid flow description 
to the Laplace equation. One of the solutions of the Laplace equation is Boundary 
Integral Method.
Boundary integral method (BIM) solves the Laplace equation only on the boundary 
of the domain. This step reduces the computation of fluid flow only to the solution of 
fluid flow on the domain boundary. In our case, the boundary geometry is described 
with the NURBS [6] representation. Using NURBS as geometry representation, it is 
possible to use the NURBS function as the basis functions for the numerical solution of 
BIM problems implemented in BEM [7,8]. Formulation of the original BIM problem 
for the solution of the Laplace equation is done in a variational formulation known 
as Galerkin problem [8]. In the end, the boundary integral equation (BIE) has to be 
solved. In this case, the general approach to the solution of the BIE is considered. The 
general approach treats the problem of singular integral as it is using the special integral 
techniques to solve singular integrals [9–11].
In Figure 1, the notation of the domain, the boundary orientation, normal and 
tangent vector are shown for a 2D case.
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Figure 1: Computational domain Ω with the inner boundary Γf  and the external 
boundary Γ∞  in 2D.
The problem to be solved is the following
    (1)
where are , with n={2,3}, and u=u(x,t) is the potential perturbation. 
Solution u defines the velocity vector field
        (2)
with potential , and velocity 
By the linearity of the Laplace operator, the solution of the velocity vector field 
v is obtained only by solving the problem .
On the inner boundary 
 
the homogeneous Neumann non-penetration boundary 
condition must be imposed
     (3)
The problem can be reformulated into the integral form. In the end, the BIE 
problem must be solved
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   (4)
where G is the Green function and PV is the principal value integral [11].
Using NURBS representation, spatial coordinates x, potential perturbation u, 
normal and tangent vector n, t and other variables can be converted into the form using 
only arc-length parameter t as the independent variable (in the 3D situation we would 
need two parameters). The Equation  can be now converted to
   (5)
This is Fredholm integral equation of the 2nd kind for the unknown function u(x), 
where .
In our case, the Eq.  is solved in a variational way. For example, the other possibility 
is to solve it in a colocation way [8]a new methodology for solving partial differential 
equations (PDEs. Let us rewrite the Eq.  in a form to seek the unknown function u(t)
      (6)
where
Now the problem  can be written into the variational form. Unknown function 
 and test function , can be from the same set of functions, so U = V. Eq. 
is multiplied by v and integrated such that we obtain the following variational problem:
Find  such that
      (7)
where
      (8)
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The bilinear in linear forms are
      (9)
Problem  is written in the general variational form in an arbitrary spatial dimension. 
To solve it in a 2D the following Green functions are used
     (10)
where r(t) is the position vector on the inner boundary 
 
written in NURBS 
representation.  
3. Results
Implementation of the problem (7) is done in Matlab. Assembling of the system 
(7) is very slow if written in Matlab, because of many for loops. For this purpose, we 
add custom Matlab functions written in C++. Integrals are solved with Gauss-Legendre 
quadrature rule [12]. However, singular integrals were not solved as PV integrals 
but were solved with a self-adaptive procedure using Telles map [13]. As it will be 
observed this approach is not accurate enough when we compute lifting type of faces 
because the final results depend on the gradient of the solution. The improvement of 
the accuracy of the results is made by the use of special techniques, like in [14], for 
the computation of singular integrals.
The test benchmark problem is the solution of flow around the infinite cylinder 
(flow around the circle in 2D). The shape of the circle geometry is the NURBS curve 
of degree p=2
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describing it exactly. The solution of potential perturbation u was obtained for different 
NURBS degree p and compared to the analytical one [11]. The relative error ϵ with 
respect to the exact solution is shown in Figure 2. The method shows very good 
convergence results. Computational timings with respect to DoF are shown in Figure 3.
Figure 2: Method convergence for p refined solution for circle geometry. 
 
Figure 3: Computational times with respect to DoF (t is in seconds)
The variational approach shows good convergence properties on the benchmark 
problem, but the computational times are increased almost by the power of 3. The 
implementation of the method is in pure sequential mode. If the implementation would 
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be parallelised, it would probably reduce the computational times for an order or more. 
This is one of the future tasks.
Next, the method was tested for two NACA profiles, NACA0012 and NACA4412. 
To solve the lifting type of faces, as NACA profiles are, it was needed to pose additional 
constraints in the problem . The constraints are known as Kutta condition [15,16]. The 
same method is used to solve mentioned NACA profiles as was used for the benchmark 
problem with the extension of Kutta condition.  
NURBS functions are very open and its use in BEM as basis functions for the 
problem  it needs functions to be at least of degree p ≥ 3. There are two ways to 
interpolate NACA profiles with NURBS function: use low order functions with more 
control points or use higher-order functions with fewer control points. Both versions 
were tested revelling that the higher-order function behaves much better than the 
low order one, but none of them gives accurate results yet. The reason behind is low 
accuracy of the numerical integration method that was used to evaluate the singular 
integrals. DoF for the interpolant of the NURBS curve is smaller for high order degree 
functions compared to low order one to achieve the same interpolation error.
Results of the pressure distribution  for the NACA profiles are compared to the 
results from the XFoil program [17].
       (11)
Different tests were done to test the numerical method for different NURBS 
interpolants degree, from p=3 to p=9 with different number of DoF. Best results were 
obtained for NURBS degree p=6 and DoF=10. The interpolated profiles for NACA0012 
and NACA4412 are shown in Figure 4. Achieved interpolation accuracy for both cases 
was almost identical. Calculation of pressure distribution Cp for the profile b) are 
shown in Figure 5. The results are far from the expected results, like the one obtained 
with the XFoil program. 
The best results are for the case for the angle of attack α=0˚. Increasing the angle 
of attack the error in results is rising. Cp is calculated from the gradient of the potential 
(Eq. ). A small change in the potential Φ reflects a significant change in its gradient 
. If the accuracy of the numerical evaluation of singular integrals is to low, it can 
reflect as a problem observed in Figure 5. 
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Figure 4: NURBS interpolants for NACA0012 profile, circles are control points, 
crosses are knots positions; a) p=3, N=51;  b) p=6, N=11.
Figure 5: Pressure distribution Cp for NACA0012 profile; red – lower zone, blue – 
upper zone, dashed – Xfoil; a) α=0˚, b) α=3˚, c) α=5˚, d) α=10˚
For the second test, the non-symmetric profile NACA4412 shown in Figure 6 
was chosen. Results for the pressure distribution are shown in Figure 7. In the case of 
the non-symmetric profile, results show only the initial correct trend. The rest of the 
profile, especially the solution at the profile tail is entirely wrong.
a) b)
c) d)
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Figure 6: NURBS interpolants for NACA4412 profile, circles are control points, 
crosses are knots positions; a) p=3, N=51;  b) p=6, N=11.
Figure 7: Pressure distribution Cp for NACA0012 profile; red – lower zone, blue – 
upper zone, dashed – Xfoil; a) α=0˚, b) α=3˚, c) α=5˚, d) α=10˚
a) b)
c) d)
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4. Discussion
In the present work, the general IGBEM for the calculation of pressure distribution 
for lifting profiles based on NURBS functions is presented. The power of the method 
is in the exact representation of foil geometry. At this stage, it still lacks the accuracy 
in the numerical evaluation of singular integrals. 
The method was tested in two different tests with two NACA profiles and observed 
that for the symmetric profiles with high NURBS degree functions and low number 
of DoF will produce an incorrect but still informative result, even if the numerical 
evaluation of singular integrals is not accurate enough. In the case of non-symmetric 
profiles at the moment, the method completely fails. The reason in the incorrect results 
is in the accuracy of the numerical integration method for the evaluation of singular 
integrals. Even the use of self-adaptive mapping approach proposed by Telles [13] does 
not help in the accuracy of the evaluation of singular integrals. New approaches are 
needed and are tested to improve the calculation of potential gradient.
With the stable method, it is possible to move towards the interaction of free 
surface and 3D case.
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